Plant uncertainty is one of the major contributing factors that could affect the performance as well as stability of active noise control ͑ANC͒ systems. Plant uncertainty may be caused by either the errors in modeling, computation, and measurement, or the perturbations in physical conditions. These factors lead to deviations of the plant from the nominal model, which will in turn affect the robustness of the control system. In this paper, the effects due to changes in physical conditions on the ANC system are investigated. The analysis is carried out in terms of performance and robustness by using a general framework of the H ϱ robust control theory. The size of plant uncertainty is estimated according to the infinity norm of the perturbations to physical conditions, which provides useful information for subsequent controller design that accommodates both performance and stability in an optimal and robust manner. The guidelines for designing the ANC systems with reference to plant uncertainties are also addressed.
INTRODUCTION
Active noise control ͑ANC͒ has received persistent research attention since Lueg filed his patent. 1 Advances in fundamental theories, control algorithms, and practical applications of the ANC field have been achieved and can be found in much literature, e.g., Refs. 2 and 3. The potential of this emerging technology masks somewhat the limitations that prevent the technology from full commercial use. One of the limitations of the ANC techniques is the robustness problem of the control systems in the face of plant uncertainties. Plant uncertainties influence the performance and even the stability of closed-loop feedback control systems so severe that ANC methods are sometimes viewed as unreliable approaches in comparison with conventional passive means.
Plant uncertainties generally arise because of the errors in modeling, computation, and measurement. In addition, plant uncertainties may be caused by the change of environmental factors. For example, modeling errors are inevitable prior to an ANC design of a low-frequency duct silencer, where high-frequency modes are usually truncated so that a controller of reasonable order can be implemented. Aside from the modeling error, perturbations of the duct system may also occur due to variations of physical conditions, e.g., temperature, viscosity, boundary conditions, and so forth. In this sense, plant uncertainties are referred to as the plant variations due to changes in physical conditions. These factors result in deviations of the plant from the nominal model, which in turn affects the robustness of the closed-loop system. A good feedback ANC system needs a reasonably accurate nominal model for the acoustic plant, which is is assumed to be linear time-invariant ͑LTI͒. In many control problems encountered in ANC applications, plant uncertainties can be so severe that any attempt to employ stable feedback controllers results in unacceptable performance.
In this paper, the effects due to changes in physical conditions on the ANC duct silencer are investigated. With the change of various physical conditions taken into account, the mathematical model of a low-frequency duct is established. Performance and robustness analysis is then carried out by using a general framework of the H ϱ robust control theory. [4] [5] [6] [7] [8] [9] The size of plant uncertainty is first estimated according to the infinity norm of the perturbations to various physical conditions. This provides useful information in choosing appropriate weighting functions for designing an optimal feedback controller that accommodates both performance and stability in a robust manner. The guidelines for designing the ANC systems with reference to plant uncertainties are also addressed. It should also be remarked that the discussions of this paper are limited to fixed, feedback systems only. The results do not always apply to other ANC methods such as feedforward structures.
I. MATHEMATICAL MODELING OF THE LOW-FREQUENCY DUCT
In this section, the mathematical models of the sound fields in a rectangular duct subject to various physical conditions are derived. A duct of length l is schematically shown in Fig. 1͑a͒ . It is assumed that the duct is open at one end and terminated at the other. Below the cutoff frequency, the sound field in the duct can be treated as one dimensional with spatial coordinate x, 0рxрl. A monopole source is located at xϭx s , while the sensor is located at xϭx m .
To begin with, we consider the joint effects due to lining, viscosity, temperature, and flow. Knowing that, similar to the loss mechanism due to viscosity of the medium, the effect of duct lining is to dissipate acoustic energy at the boundaries. As shown in pp. 26-30 of Ref. 12 , lining duct walls results in attenuations in the axial direction and the plane-wave number becomes complex. By the same token, rather than modeling the duct lining precisely as a boundary condition, we take a simpler approach to model this attenuation effect by an ad hoc relaxation constant , which corresponds to the complex wave number
where is angular frequency and c is sound speed. 10 By substituting the definition kϵ␤Ϫ j␣ ͑2͒
into Eq. ͑1͒ and by collecting real and imaginary parts, the attenuation constant ␣ is obtained
.
͑3͒
In the following simulation, the attenuation constant ␣, or equivalently the relaxation constant , for each case can be obtained from the method described in p. 510 of Ref. 11. Following the procedure described in pp. 503-510 of Ref.
11, we further assume the normal acoustical impedance of the lining to be Zϭ f ϫ(0.471Ϫ j0.392), where f is the frequency in Hz. Next the temperature is assumed for simplicity to be uniformly distributed inside the duct. Therefore the effect of temperature variation would be to alter the speed of sound. 10 That is,
where C 0 is sound speed at 0°C and T is Celsius temperature. It can be shown that the dynamic equation that incorporates the effects due to lining, viscosity, temperature, and flow for the sound field in the duct is Eq. ͑5͒ can be written into a modal form
where
Hence the sound pressure y m measured by a microphone located at xϭx m is
To obtain the state-space model, we retain only r modes and let 
The second half of the section is focused on the modeling of the sound field in the duct subject to the radiation impedance at the open end. This boundary condition can be described by an impedance function
where Z l (s) is the Laplace transform of the specific acoustic impedance. The relationship between the sound pressure and the particle velocity satisfies the momentum equation 
, where 1 (s) and 2 (s) are two roofs of 2 Ϫ 2us
In terms of G(x,,s), the Laplace transform of sound pressure at any location x in the duct can be expressed as
where Q(x s ,s) is the Laplace transform of 0 v s (t). It should be noted that the above solution gives an exact description of the system without truncating any high-order terms. Thus Eq. ͑18͒ can be used to calculate the frequency response and provides complete information about plant uncertainties. However, it is generally difficult to produce dynamic responses, as required in a numerical simulation, based on Eq. ͑18͒ that are not a rational transfer function. To obviate the problem, we simply curve-fit the frequency response of Eq. ͑18͒ and convert it into a more tractable rational transfer function by using a MATLAB routine INVFREQS.
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II. H ϱ ROBUST CONTROL ANALYSIS AND SYNTHESIS
A brief review of the H ϱ robust control theory is given in this section. Because the H ϱ theories can be found in much control literature, [4] [5] [6] [7] [8] [9] we present only the key ones needed in the analysis of our problem. The rest are mentioned without proof.
In modern control theory, all control structures can be described by using a generalized control framework, as depicted in Fig. 2 . The framework contains a controller C(s) and an augmented plant P ␥ (s). The controlled variable (t) corresponds to various control objectives z 1 (t), z 2 (t), and z 3 (t), and the extraneous input w(t) consists of the reference r(t), the disturbance d(t), and the noise n(t). The signals u(t) and e(t) are the control inputs to the plant and the measured output from the plant, respectively. The general input-output relation can be expressed as
where the submatrices P i j (s), i, jϭ1,2 are compatible par-titions of the augmented plant P ␥ (s) and the symbols are capitalized to represent the Laplace transform variables. The main idea of the H ϱ control is to minimize the infinity norm of the transfer function T w (s) between (t) and w(t) that can be expressed by the linear fraction transformation ͑LFT͒
͑21͒
Hence the optimal H ϱ problem can be stated as
However, instead of finding the optimal solution, which is generally very difficult, one is content with the suboptimal solution that can be analytically obtained. This becomes the
Insofar as the solution of the suboptimal problem is concerned, we would like to remark that the H ϱ algorithms are by large divided into two classes: the model matching algorithms ͑the 1984 approach͒ and the two Riccati equation algorithms ͑the 1988 approach͒. The details are omitted for brevity. The interested reader may consult Refs. 4 and 7.
In the sequel, an analysis is carried out for the feedback structure ͑Fig. 3͒ on the basis of the generalized control framework. The symbols P 1 (s) and P 2 (s) correspond to the primary ͑disturbance͒ path and the secondary ͑control͒ path, respectively. To find an H ϱ controller, we weight the sensitivity function S (s) by W 1 (s), the control input u(t) by W 2 (s), and the complementary sensitivity function T (s) by W 1 (s), where the sensitivity function and the complementary sensitivity function are defined, respectively, as
Note that S (s)ϩT (s)ϭ1. To achieve disturbance rejection and tracking performance, the following nominal performance condition must be satisfied On the other hand, for system stability against plant perturbations and model uncertainties, the robustness condition derived from the small-gain theorem 7 must also be satisfied
The choice of W 3 (s) is determined by the size of uncertainty ⌬ that is defined in
where P 2 and P 2 are the nominal and the perturbed plants, respectively. The idea behind this definition of uncertainty is that ⌬ is the plant perturbation away from the nominal one and so ͉⌬( j)͉ provides the uncertainty profile and the peak of which ͑evaluated by the infinity norm͒ renders the size of uncertainty.
In 
which is also a necessary and sufficient condition for the controller to achieve robust performance. In terms of the generalized control framework, the input-output relation of the augmented plant corresponding to the feedback structure is
Hence it can be shown by LFT that the suboptimal condition of the feedback controller is
III. NUMERICAL SIMULATION
Numerical investigations were carried out to explore the characteristics of the forgoing H ϱ -based active controller subject to various plant perturbations. In the simulation, a rectangular duct with 0.25ϫ0.25-m cross section ͑cutoff In what follows, a series of numerical experiments will be conducted to explore the effects of flow, temperature, and radiation impedance on the system. To aid the comparison, the models used in the simulation under various physical conditions are summarized in Table I . To show how well the derived model matches a real duct silencer, the frequency response magnitude and phase of model 2 is compared with a real silencer with lining in p. 27 of Ref. 12 . The comparison shown in Fig. 4 indicates that the derived model agrees reasonably well with a real silencer.
In the first experiment, the effect of flow on the duct silencer is examined. In addition, it is demonstrated in this experiment that the size of uncertainty due to flow relies on whether the duct is lined or not. In the lined duct, the walls of the duct are lined with absorbing material. The lining thickness and the flow resistance of the absorptive lining material are 0.025 m and 4000 mks rayls, respectively. The cross section of the lined duct is intentionally chosen to be the cross section of a duct in p. 503 of Ref. 11 . Using the mathematical model derived in the last sections, the system poles and zeros of the unlined duct and the lined duct for the stationary medium ͑models 1 and 2 in Table I͒ are listed in  Tables II and III , respectively. The system poles and zeros of the unlined duct and the lined duct for the moving medium ͑mean flow velocityϭ30 m/s; models 3 and 4 in Table I͒ are  listed in Tables IV and V, respectively. Before showing the result, a brief note regarding duct lining is in order. The importance of passive lining that has often been overlooked in ANC design lies in not only high-frequency attenuation but also the robustness of active control with respect to plant uncertainties. 18 With proper damping treatment, the plant can be gain-stabilized even when the flexible modes are poorly modeled. Another benefit of passive lining is that a lower order of plant model can usually be obtained than the lightly damped plants so that numerical error is reduced. The importance of passive treatment can be seen by noting the effect of flow subject to different lining conditions. By comparing the nominal model 1 and the perturbed model 3, the plant uncertainty due to flow calculated for the unlined duct is shown by a solid line in Fig. 5 . Similarly, by comparing the nominal model 2 and the perturbed model 4, the plant uncertainty due to flow calculated for the lined duct is shown by a dashed line in the same figure. The peaks of uncertainty appear at the resonances and antiresonances of the nominal perturbed plants. However, as seen in Fig. 5 , the peaks of the lined duct are lower than those of the unlined duct. This implies that the passive lining indeed has the desirable effect of neutralizing system perturbation. The smaller the size of uncertainty is, the less the requirement of robust stability and the more room for achieving performance in the control design. On the basis of the plant uncertainty due to flow, optimal controllers can be obtained for both the unlined duct and the lined duct by using the aforementioned H ϱ design procedure ͑Fig. 6͒. The resulting loop shaping of sensitivity functions versus weight functions for the unlined duct and the lined duct are shown in Figs. 7 and 8 . The active control results in terms of the power spectrum of sound pressure at the sensor position are shown in Fig. 9 . It can be observed that the performance of the lined duct is better than the unlined duct ͑12 dB versus 7 dB at the peak of 85 Hz͒ and also the effective control band of the lined duct is wider than the control band of the unlined duct. It is noteworthy that Fig. 9 shows good control at low frequency down to 0 Hz because the acoustic sources used in the simulation are ideal point sources. Practical acoustic actuators should have poor response at the very low-frequency range.
In the second experiment, the effect of temperature variation on the silencer is examined. It is assumed that the temperature is changed from 25 to 90°C for both the unlined duct and the lined duct. By comparing the nominal model 1 and the perturbed model 5, the plant uncertainty due to temperature variation calculated for the unlined duct is shown by a solid line in Fig. 10 . Similarly, by comparing the nominal model 2 and the perturbed model 6, the plant uncertainty due to flow calculated for the lined duct is shown by a dashed line in the same figure. The plant uncertainty shows strong peaks ͑maximum 45 dB͒ for the unlined duct, while the plant uncertainty of the lined duct shows only moderate variations. This sharp contrast ͑which is even more pronounced than the forgoing case of flow effect͒ indicates again the need of passive lining, insofar as the system robustness against system perturbation is concerned. In fact, for the unlined duct, the plant uncertainty is so severe that virtually no controller can meet the requirements of the H ϱ design. Hence only the controller for the lined duct is calculated on the basis of the plant uncertainty. For brevity, we omit the frequency response of the controller and show only the result of active control in Fig. 11 . Noise attenuation is achieved by using the lined duct in the band 0-150 Hz. Nevertheless, noise amplification around the second peak at 280 Hz indicates the difficulty in designing the controller to accommodate the perturbation due to temperature variation.
In the third experiment, the effect of radiation impedance at the open end of the duct is examined. The Laplace transform of radiation impedance is assumed to be Z t ϭϪ0.01s 2 ϩ100s that is intentionally made larger than that of an open end. This situation may happen, for example, when the open end of the silencer is near a wall. Because the importance of passive lining against plant uncertainty has been manifested in the previous cases, we now explore the effect of radiation impedance on only the lined duct. Taking model 2 as the nominal case and model 8 as the perturbed case, the corresponding plant uncertainty is shown in Fig. 12 . The plant uncertainty due to radiation impedance appears less drastic than the temperature effect. On the basis of the plant uncertainty, optimal controllers are obtained for the lined duct by using the H ϱ design procedure. The resulting loop shaping of sensitivity functions versus weight functions is shown in Fig. 13 . The active control results in terms of the power spectrum of sound pressure at the sensor position are shown in Fig. 14 In the last experiment, the effect of time delay is investigated. The microphone is originally located at xϭ0.9 m and the control source is located at xϭ0.5 m, which gives a time delay of 0.0167 s. Then, the control source is moved to xϭ0.9 m. This corresponds to the so-called collocated control. In doing so, the waterbed effect 8 in conjunction with nonminimal phase zeros and time delay can be alleviated. 7, 17 Except the delay, all physical conditions in the duct are similar to those in model 1. The Pade's approximation 17 is employed to approximate the delay with a rational function e Ϫ0.0167s Х͓1Ϫ(0.0167s/2)͔/͓1ϩ(0.0167s/2)͔. The active control results in terms of the power spectrum of sound pressure at the sensor position are shown in Fig. 15 . It can be seen that the performance of the system without delay is better than the system with delay ͑10 versus 2 dB at the peak of 87 Hz͒. The effective control band of the former system is also wider than that of the latter system.
IV. CONCLUSIONS
The effects on stability and performance due to perturbations in physical conditions on ANC systems are investigated. The analysis is carried out by using a general framework of the H ϱ robust control theory. The size of plant uncertainty is assessed according to the perturbations in physical conditions. Optimal controllers that accommodate both performance and stability are designed via a H ϱ synthesis procedure. The term optimal controller means that the controller is optimally comprised to achieve maximum noise reduction under the constraint of robust stability. A low-frequency duct is chosen as the test example to explore the effects of plant uncertainties on the ANC systems. The physical conditions investigated in the paper fall into two categories. One category behaves like damping, e.g., flow, viscosity, and lining, while the other category alters both the resonance frequencies and the damping of the system, e.g., temperature and radiation impedance. In general, the latter factors have more pronounced impact on the plant uncertainties than the former. To cope with plant uncertainties, passive lining plays an important role in improving the robustness of the system. With appropriate lining, fixed controllers suffice to accommodate the damping type of perturbations. However, it was also found in the results that the plant uncertainties can become so severe, e.g., due to temperature variation, that virtually no fixed controller meets the design requirements. In this regard, adaptive algorithms may become necessary in these types of ANC applications. The effect of time delay is also investigated in this paper. It is found in the results that time delay indeed has detrimental effects on the performance of the system. Hence to avoid the effect of time delay, the distance between the microphone and actuator should be made as small as possible.
The structures of plant uncertainties are not considered in this paper. The H ϱ controllers synthesized to meet the requirement of the standard H ϱ problem, ʈT vw (S)ʈ ϱ Ͻ1, tend to result in conservative designs in practice. When the plant uncertainty is non-disklike, better performance may be achieved by using design methods such as the -synthesis technique 7 that is capable of handling structured uncertainties.
This paper discusses only the feedback structure that has been the mainstream of control theories. More investigations on the feedforward structure, acoustic, feedback, lowfrequency response of actuators, and structured uncertainties in ANC problems are currently on the way.
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